
The performance of AM and 
FM receivers

Editor: Xuanfeng Li
Teacher: Prof. Xiliang Luo



• In a full AM signal, both sidebands and the carrier wave are 
transmitted, as shown by

𝑠𝑠𝐴𝐴𝐴𝐴 𝑡𝑡 = 𝐴𝐴𝑐𝑐 1 + 𝑘𝑘𝐴𝐴𝐴𝐴𝑚𝑚(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡
• Assume 𝑚𝑚 𝑡𝑡 = 0,𝛽𝛽𝐴𝐴𝐴𝐴 ≤ 1
• After band-pass filter, the narrow band noise 𝑛𝑛𝑖𝑖 𝑡𝑡 is modeled as white 

Gaussian noise of zero mean and power spectral density 𝑁𝑁0/𝑐
𝑛𝑛𝑖𝑖 𝑡𝑡 = 𝑛𝑛𝑐𝑐 𝑡𝑡 𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑐𝑐 − 𝑛𝑛𝑠𝑠 𝑡𝑡 𝑠𝑠𝑠𝑠𝑛𝑛𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡
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• Then we have power of signal and noise respectively

𝑆𝑆𝑖𝑖 = 𝑠𝑠𝑚𝑚2 (𝑡𝑡) = 𝐴𝐴𝑐𝑐2

2
+ 𝐴𝐴𝑐𝑐2𝑚𝑚2(𝑡𝑡)

2
, 𝑁𝑁𝑖𝑖 = 𝑛𝑛𝑖𝑖2(𝑡𝑡) = 𝑁𝑁0𝑊𝑊

• B is bandwidth of band-pass filter. The input SNR is 𝑆𝑆𝑖𝑖
𝑁𝑁𝑖𝑖

= 𝐴𝐴𝑐𝑐2+𝐴𝐴𝑐𝑐2𝑘𝑘𝐴𝐴𝐴𝐴2𝑚𝑚2(𝑡𝑡)
2𝑁𝑁0𝑊𝑊

• The input of demodulator is
𝑠𝑠𝐴𝐴𝐴𝐴 𝑡𝑡 + 𝑛𝑛𝑖𝑖 𝑡𝑡 = 𝐴𝐴𝑐𝑐 1 + 𝑚𝑚(𝑡𝑡) + 𝑛𝑛𝑐𝑐 𝑡𝑡 𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡 − 𝑛𝑛𝑠𝑠 𝑡𝑡 𝑠𝑠𝑠𝑠𝑛𝑛𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡

= 𝐸𝐸 𝑡𝑡 cos[𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡 + 𝜑𝜑(𝑡𝑡)]
• where

𝐸𝐸 𝑡𝑡 = 𝐴𝐴𝑐𝑐 1 + 𝑚𝑚(𝑡𝑡) + 𝑛𝑛𝑐𝑐 𝑡𝑡 2 + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

𝜑𝜑 𝑡𝑡 = arctan[
𝑛𝑛𝑠𝑠 𝑡𝑡

𝐴𝐴𝑐𝑐 1 + 𝑚𝑚(𝑡𝑡) + 𝑛𝑛𝑐𝑐 𝑡𝑡
]

• In order to simplify the analysis, we consider two special case.
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• (a)Large SNR
• It means 

𝐴𝐴𝑐𝑐 1 + 𝑚𝑚(𝑡𝑡) ≫ 𝑛𝑛𝑐𝑐2 𝑡𝑡 + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

• Thus

𝐸𝐸 𝑡𝑡 = 𝐴𝐴𝑐𝑐2 1 + 𝑚𝑚(𝑡𝑡) 2 + 𝑐𝐴𝐴𝑐𝑐[1 + 𝑚𝑚 𝑡𝑡 ]𝑛𝑛𝑐𝑐 𝑡𝑡 + 𝑛𝑛𝑐𝑐2(𝑡𝑡) + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

≈ 𝐴𝐴𝑐𝑐2 1 + 𝑚𝑚 𝑡𝑡 2 + 𝑐𝐴𝐴𝑐𝑐 1 + 𝑚𝑚 𝑡𝑡 𝑛𝑛𝑐𝑐 𝑡𝑡

≈ 𝐴𝐴𝑐𝑐 1 + 𝑚𝑚 𝑡𝑡 1 + 2𝑛𝑛𝑐𝑐 𝑡𝑡
𝐴𝐴𝑐𝑐 1+𝑚𝑚 𝑡𝑡

≈ 𝐴𝐴𝑐𝑐 1 + 𝑚𝑚 𝑡𝑡 1 + 𝑛𝑛𝑐𝑐 𝑡𝑡
𝐴𝐴𝑐𝑐 1+𝑚𝑚 𝑡𝑡

= 𝐴𝐴𝑐𝑐 1 + 𝑚𝑚 𝑡𝑡 + 𝑛𝑛𝑐𝑐 𝑡𝑡
Since

(1 + 𝑥𝑥) ≈ 1 + 𝑥𝑥
2

, 𝑥𝑥 ≪ 1
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• After eliminating DC component, we have
𝑆𝑆𝑜𝑜 = 𝑠𝑠𝑚𝑚2 (𝑡𝑡) = 𝐴𝐴𝑐𝑐2𝑚𝑚2(𝑡𝑡), 𝑁𝑁𝑜𝑜 = 𝑛𝑛𝑐𝑐2(𝑡𝑡) = 𝑛𝑛𝑐𝑐2(𝑡𝑡)=𝑁𝑁0𝑊𝑊

• The output SNR is 𝑆𝑆𝑜𝑜
𝑁𝑁𝑜𝑜

= 𝐴𝐴𝑐𝑐2𝑘𝑘𝐴𝐴𝐴𝐴2𝑚𝑚2(𝑡𝑡)
2𝑁𝑁0𝑊𝑊

• Then we have 𝐺𝐺𝐴𝐴𝐴𝐴 = 𝑆𝑆𝑜𝑜/𝑁𝑁𝑜𝑜
𝑆𝑆𝑖𝑖/𝑁𝑁𝑖𝑖

= 𝐴𝐴𝑐𝑐2𝑘𝑘𝐴𝐴𝐴𝐴2𝑚𝑚2(𝑡𝑡)
𝐴𝐴𝑐𝑐2+𝐴𝐴𝑐𝑐2𝑘𝑘𝐴𝐴𝐴𝐴

2𝑚𝑚2(𝑡𝑡)
= 𝑚𝑚2(𝑡𝑡)

1+𝑘𝑘𝐴𝐴𝐴𝐴2𝑚𝑚2(𝑡𝑡)
< 1

• Since 𝛽𝛽𝐴𝐴𝐴𝐴 ≤ 1. And if 𝑚𝑚 𝑡𝑡 = 𝐴𝐴𝑚𝑚𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡, 𝑚𝑚2 𝑡𝑡 = 1
2
𝐴𝐴𝑚𝑚2

𝐺𝐺𝐴𝐴𝐴𝐴 = 𝜇𝜇2

2+𝜇𝜇2
, µ = 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴𝑚𝑚

• When 100% modulation, which means µ = 1,  we get 1/3. Thus we 
know that envelop detector lowers the SNR.
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• (a)Small SNR
• It means 

𝐴𝐴𝑐𝑐 1 + 𝑚𝑚(𝑡𝑡) ≪ 𝑛𝑛𝑐𝑐2 𝑡𝑡 + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

• Then

𝐸𝐸 𝑡𝑡 = 𝐴𝐴𝑐𝑐2 1 + 𝑚𝑚(𝑡𝑡) 2 + 𝑐𝐴𝐴𝑐𝑐[1 + 𝑚𝑚 𝑡𝑡 ]𝑛𝑛𝑐𝑐 𝑡𝑡 + 𝑛𝑛𝑐𝑐2(𝑡𝑡) + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

≈ 𝑐𝐴𝐴𝑐𝑐[1 + 𝑚𝑚 𝑡𝑡 ]𝑛𝑛𝑐𝑐 𝑡𝑡 + 𝑛𝑛𝑐𝑐2(𝑡𝑡) + 𝑛𝑛𝑠𝑠2(𝑡𝑡)

= [𝑛𝑛𝑐𝑐2(𝑡𝑡) + 𝑛𝑛𝑠𝑠2(𝑡𝑡)]{1 + 2𝑛𝑛𝑐𝑐 𝑡𝑡 𝐴𝐴𝑐𝑐[1+𝑚𝑚 𝑡𝑡 ]
𝑛𝑛𝑐𝑐2(𝑡𝑡)+𝑛𝑛𝑠𝑠2(𝑡𝑡)

}

= 𝑅𝑅(𝑡𝑡) 1 + 2𝐴𝐴𝑐𝑐 1+𝑚𝑚 𝑡𝑡
𝑅𝑅 𝑡𝑡

𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃(𝑡𝑡) ≈ 𝑅𝑅(𝑡𝑡) + 𝐴𝐴𝑐𝑐[1 + 𝑚𝑚 𝑡𝑡 ] 𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃(𝑡𝑡)
• Where 

𝑅𝑅 𝑡𝑡 = 𝑛𝑛𝑐𝑐2 𝑡𝑡 + 𝑛𝑛𝑠𝑠2 𝑡𝑡 ,𝜃𝜃 𝑡𝑡 = arctan
𝑛𝑛𝑠𝑠 𝑡𝑡
𝑛𝑛𝑐𝑐 𝑡𝑡

Now the signal becomes part of noise and the system will no longer work.



• The incoming FM signal is defined as,
𝑠𝑠𝐹𝐹𝐴𝐴 𝑡𝑡 = 𝐴𝐴𝑐𝑐cos[𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡 + 𝑐𝜋𝜋𝑘𝑘𝐹𝐹𝐴𝐴 ∫𝑚𝑚 𝜏𝜏 𝑑𝑑𝜏𝜏]

• Still assume 𝑚𝑚 𝑡𝑡 = 0
• Then we have power of signal and noise respectively

𝑆𝑆𝑖𝑖 = 𝐴𝐴𝑐𝑐2

2
, 𝑁𝑁𝑖𝑖 = 𝑛𝑛𝑖𝑖2(𝑡𝑡) = 𝑁𝑁0𝑊𝑊

• B is bandwidth of band-pass filter. The input SNR is 𝑆𝑆𝑖𝑖
𝑁𝑁𝑖𝑖

= 𝐴𝐴𝑐𝑐2

2𝑁𝑁0𝑊𝑊
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The performance of FM receivers
• (a)Large SNR
• Ignore the interaction between signal and noise under large SNR.
• Assume 𝑛𝑛𝑖𝑖 𝑡𝑡 = 0,

𝑚𝑚𝑜𝑜 𝑡𝑡 = 𝑘𝑘𝑑𝑑𝑘𝑘𝐹𝐹𝐴𝐴𝑚𝑚 𝑡𝑡
𝑘𝑘𝑑𝑑 is discriminator index, let it be 1. Thus we have 

𝑆𝑆𝑜𝑜 = 𝑚𝑚𝑜𝑜
2(𝑡𝑡) = (𝑘𝑘𝐹𝐹𝐴𝐴)2𝑚𝑚2(𝑡𝑡)

• Assume m 𝑡𝑡 = 0, the input of demodulator is 
𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡 + 𝑛𝑛𝑖𝑖 𝑡𝑡 = [𝐴𝐴𝑐𝑐+𝑛𝑛𝑐𝑐 𝑡𝑡 ]𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑐𝑐 − 𝑛𝑛𝑠𝑠 𝑡𝑡 𝑠𝑠𝑠𝑠𝑛𝑛𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡

= 𝐴𝐴 𝑡𝑡 cos[𝑐𝜋𝜋𝑓𝑓𝑐𝑐 + 𝜑𝜑 𝑡𝑡 ]
Envelop 𝐴𝐴 𝑡𝑡 = [𝐴𝐴𝑐𝑐 + 𝑛𝑛𝑐𝑐 𝑡𝑡 ]2+𝑛𝑛𝑠𝑠2 𝑡𝑡
Since SNR is large, the phase 

𝜑𝜑 𝑡𝑡 = 𝑎𝑎𝑎𝑎𝑐𝑐𝑡𝑡𝑎𝑎𝑛𝑛
𝑛𝑛𝑠𝑠(𝑡𝑡)

𝐴𝐴𝑐𝑐 + 𝑛𝑛𝑐𝑐(𝑡𝑡)
≈ 𝑎𝑎𝑎𝑎𝑐𝑐𝑡𝑡𝑎𝑎𝑛𝑛

𝑛𝑛𝑠𝑠(𝑡𝑡)
𝐴𝐴𝑐𝑐

≈
𝑛𝑛𝑠𝑠(𝑡𝑡)
𝐴𝐴𝑐𝑐



The performance of FM receivers
• Thus the output noise is 

𝑛𝑛𝑑𝑑 𝑡𝑡 =
𝑑𝑑𝜑𝜑 𝑡𝑡
𝑑𝑑𝑡𝑡

=
1

𝑐𝜋𝜋𝐴𝐴𝑐𝑐
𝑑𝑑𝑛𝑛𝑠𝑠(𝑡𝑡)
𝑑𝑑𝑡𝑡

• The power spectrum density is 
𝑃𝑃𝑑𝑑 𝑓𝑓 = (

𝑘𝑘𝑑𝑑
𝐴𝐴𝑐𝑐

)2 𝐻𝐻(𝑓𝑓) 𝑃𝑃𝑠𝑠 𝑓𝑓 = (
1
𝐴𝐴𝑐𝑐

)2𝑓𝑓2𝑁𝑁0, 𝑓𝑓 <
𝐵𝐵𝐹𝐹𝐴𝐴
𝑐

• So we have 

𝑁𝑁0 = �
−𝑊𝑊

𝑊𝑊
𝑃𝑃𝑑𝑑 𝑓𝑓 𝑑𝑑𝑓𝑓 = �

−𝑊𝑊

𝑊𝑊
(

1
𝐴𝐴𝑐𝑐

)2𝑓𝑓2𝑁𝑁0𝑑𝑑𝑓𝑓 =
𝑐𝑁𝑁0𝑊𝑊3

3𝐴𝐴𝑐𝑐2
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• SNR at the output

𝑆𝑆𝑂𝑂
𝑁𝑁𝑂𝑂

=
3𝐴𝐴𝑐𝑐2𝑘𝑘𝐹𝐹𝐴𝐴2 𝑚𝑚2(𝑡𝑡)

𝑐𝑁𝑁0𝑊𝑊3

Then 

𝐺𝐺𝐹𝐹𝐴𝐴 =
3𝑘𝑘𝐹𝐹𝐴𝐴2 𝑚𝑚2(𝑡𝑡)

𝑊𝑊2

• Example : Single-tone Modulation
• The modulated FM signal is defined by

𝑠𝑠𝐹𝐹𝐴𝐴(𝑡𝑡) = 𝐴𝐴𝑐𝑐cos[𝑐𝜋𝜋𝑓𝑓𝑐𝑐𝑡𝑡 + 𝑚𝑚𝑓𝑓𝑠𝑠𝑠𝑠𝑛𝑛𝑐𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡]

Where 𝑚𝑚𝑓𝑓 = 𝑘𝑘𝐹𝐹𝐴𝐴
𝜔𝜔𝑚𝑚

= ∆𝜔𝜔
𝜔𝜔𝑚𝑚

= ∆𝑓𝑓
𝑓𝑓𝑚𝑚

So we get
𝑚𝑚 𝑡𝑡 =

∆𝑓𝑓
𝑘𝑘𝐹𝐹𝐴𝐴

𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝜋𝜋𝑓𝑓𝑚𝑚𝑡𝑡
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And 

𝑚𝑚2 𝑡𝑡 =
(∆𝑓𝑓)2

𝑐𝑘𝑘𝐹𝐹𝐴𝐴2

We have 
𝑆𝑆𝑂𝑂
𝑁𝑁𝑂𝑂

=
3𝐴𝐴𝑐𝑐2(∆𝑓𝑓)2

4𝑁𝑁0𝑊𝑊3 =
3𝐴𝐴𝑐𝑐2𝛽𝛽2

4𝑁𝑁0𝑊𝑊
• Where 𝛽𝛽 = ∆𝑓𝑓/𝑊𝑊 is modulation index  

𝐺𝐺𝐹𝐹𝐴𝐴 =
3𝛽𝛽2

𝑐
• For an AM system operating with a single-tone signal and 100% modulation,

𝐺𝐺𝐴𝐴𝐴𝐴 =
1
3

• We just need to adjust 𝛽𝛽 ≥ 0.5, there will be 𝐺𝐺𝐹𝐹𝐴𝐴>𝐺𝐺𝐴𝐴𝐴𝐴
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